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The BrauerManin obstrution for setions of the fundamental group
JAKOB STIX
Abstrat  We establish Grothendiek's setion onjeture for an open subset of the
Reihardt-Lind urve, and introdue the notion of a BrauerManin obstrution for se-
tions of the fundamental group extension.
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1. Introdution
This note addresses the arithmeti of rational points on urves over algebrai number elds with
the étale fundamental group as the prinipal tool.
1.1. The setion onjeture. Let k be a eld with absolute Galois group Galk = Gal(k
sep/k)
with respet to a xed separable losure ksep of k. The fundamental group of a geometrially
onneted variety X/k with geometri point x ∈ X sits in an extension
(1.1) 1→ π1(X ×k ksep, x)→ π1(X,x)→ Galk → 1,
that we abbreviate by π1(X/k) ignoring the basepoints right away in our notation.
To a rational point a ∈ X(k) the funtoriality of π1 assoiates a splitting sa : Galk → π1(X)
of π1(X/k). The funtor π1 depends a priori on a pointed spae whih fores us to make hoies
and yields only a well dened π1(X ×k ksep)-onjugay lass of setions. The setion onjeture
of Grothendiek's ontemplates about the onverse.
Conjeture 1 (see Grothendiek [Gr83℄). The map a 7→ sa is a bijetion of the set of rational
points X(k) with the set of π1(X ×k ksep)-onjugay lasses of setions of π1(X/k) if X is a
smooth, projetive, urve of genus at least 2 and k/Q is nitely generated.
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It was known to Grothendiek, that a 7→ sa is injetive by an appliation of the Mordell-Weil
theorem in the number eld ase, see [Sx08b℄ Appendix B, and [Mz99℄ Thm 19.1 for even a
pro-p result of injetivity. As we will deal in this note with problems of transfer from loal to
global, we emphasize, that Conjeture 1 has also been onjetured for nite extensions k/Qp.
The argument for injetivity transfers almost literally to the p-adi ase.
It is also well known that in order to prove the setion onjeture for urves over a xed
number eld or p-adi eld k it sues to show that having a setion is the only obstrution for
having a k-rational point, see [Ko05℄ or [Sx08a℄ Appendix C following a strategy of Nakamura
and Tamagawa. In other words, if π1(X/k) splits, then we must guarantee a rational point. But
we need this weak version of the setion onjeture for all nite étale overs of X that are
geometrially onneted over k.
A modied form of Conjeture 1 for an open variety U whih is the omplement of a divisor
with normal rossings Y in a geometrially onneted proper smooth variety X/k was proposed
in [Gr83℄. The modiation takes into aount that k-rational points y ∈ Y (k) ontribute
setions as follows. The natural surjetion Dy ։ Galk of the deomposition group Dy of y in
π1U is known to admit splittings that lead by Dy ⊂ π1U to setions of π1(U/k).
1.2. Evidene for the setion onjeture. Reently there has been muh work on the p-adi
version of the onjeture and piees of evidene for the setion onjeture have emerged over
the years. The most onvining evidene onsists perhaps in Koenigsmann's proof in [Ko05℄ of
a birational analogue for funtion elds in one variable over a loal p-adi eld. A minimalist
metabelian pro-p approah to Koenigsmann's theorem was suessfully developed by Pop in
[P07℄, whereas Esnault and Wittenberg, [EW08℄ Prop 3.1, were able to reprove algebraially the
"abelian part" via the yle lass of a setion.
The analogue of the setion onjeture over R, the real setion onjeture, is known by
Mohizuki [Mz03℄ Thm 3.13, following work of Sullivan, Cox and Huisman. Alternative proofs
an be found also in [Sx08a℄ Appendix A, in the notably elegant simple argument of [EW08℄
Rmk 3.7(iv), using a xed point theorem in [Pa09℄ Thm 1.3, and moreover in [Wi09℄ 3.2, in
whih Wikelgren shows a geometrially 2-step nilpotent pro-2 version.
The rst known examples of urves over number elds that satisfy the setion onjeture are
empty examples in the sense that there are neither setions and hene nor rational points. The
absene of setions is explained by the real setion onjeture in ase there are no real points on
the urve for some real plae. A loal p-adi obstrution to setions is onstruted in [Sx08a℄,
whih explains the absene of setions in a number of ases when there are no p-adi points for
some p-adi plae.
Later Harari and Szamuely [HS08℄ gave examples of urves over number elds that are oun-
terexamples to the Hasse priniple, so they have loal points everywhere but no global point, and
nevertheless satisfy the setion onjeture. These are again empty examples, but as we mentioned
above, the ostensibly dull ase of empty urves is exatly the ruial lass of examples.
1.3. Outline of the paper. In this note, whih ontains parts of the author's Habilitations-
shrift [Sx10℄ at the University Heidelberg, we will disuss the analogue of the BrauerManin
obstrution for an adeli point to be global, see Setion 3.1, for adeli setions of π1(X/k) and
a number eld k. This has been independently observed at least by O. Wittenberg. Here we
atually apply this obstrution to show in Setion 5 that the open subset U of the Reihardt
Lindt urve desribed by
2y2 = x4 − 17, y 6= 0
does not admit a setion of its fundamental group extension π1(U/Q). This ase is partiularly
interesting further evidene for the setion onjeture beause U has adeli points and the
absene of setions is not explained by the strategy of Harari and Szamuely [HS08℄. Furthermore,
Setion 5 ontains various generalizations: for arithmeti twists of the ReihardtLind urve and
even for an isotrivial family of suh arithmeti twists inspired by an example by N. D. Elkies.
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The expliit examples for BrauerManin obstrutions against setions are ontinued in Setion
7 were we illustrate the failure of the method to show the absene of setions in the ase of the
Selmer urve, whih is given in homogeneous oordinates as
3X3 + 4Y 3 + 5Z3 = 0.
In Setion 2 we disuss the spae of all setions Sπ1(X/k). Among useful results for later parts
of the note we generalize slightly as a byprodut the observation by P. Deligne, see Appendix A,
in that Sπ1(X/k) is naturally a ompat pro-nite spae for a proper variety X over a number
eld k.
Setion 4 ontains onditional results that depend on various onjetures. In partiular we
show that the loal version of the setion onjeture together with the onjeture that the
BrauerManin obstrution is the only obstrution against rational points on urves imply the
setion onjeture for urves over number elds.
Aknowledgement The author is grateful to J.-L. Colliot-Thélène for explaining to him the
BrauerManin obstrution to rational points on the ReihardtLind urve, and to N. D. Elkies
for explaining his onstrution from the introdution of [Po01℄. He thanks O. Wittenberg for
numerous omments and H. Esnault for making available the letter from P. Deligne to D. Thakur,
and is grateful to P. Deligne for permitting the letter to appear as an appendix.
2. Preliminaries on setions
Let X/k be a geometrially onneted variety over a eld k of harateristi 0 with algebrai
losure kalg. The set of π1(X ×k kalg)-onjugay lasses of setions of π1(X/k) will be denoted
by Sπ1(X/k) and is alled the spae of setions of X/k.
2.1. Base hange. For a eld extension K/k with algebrai losure kalg ⊆ Kalg the projetion
XK = X ×k K → X indues an isomorphism
π1(XK ×K Kalg) ∼−→ π1(X ×k kalg).
Thus the extension π1(XK/K) is the pullbak of π1(X/k) via the restrition GalK → Galk and
π1(XK)
∼−→ π1(X) ×Galk GalK
is an isomorphism. The dening property of a bre produt leads to a natural pullbak map for
spaes of setions
Sπ1(X/k) → Sπ1(XK/K), s 7→ sK = s⊗K.
We set Sπ1(X/k)(K) = Sπ1(XK/K) whih desribes a ovariant funtor on eld extensions K/k
with values in sets.
Lemma 2. Let k be either a number eld or a nite extension of Qp, and let X/k be smooth
and geometrially onneted. Any setion s : Galk → π1(X) has an image with trivial entraliser
in π1(X).
Proof: We argue by ontradition. As Galk is known to have trivial enter, we may assume
that s(Galk) entralises a nontrivial γ ∈ π1(X×k kalg). Let H⊳π1(X×k kalg) be a harateristi
open subgroup with γ 6∈ H. Then 〈H, γ〉s(Galk) ⊆ π1(X) is an open subgroup orresponding to
a nite étale over X ′ → X. The element γ has nontrivial image in πab1 (X ′×kkalg) = 〈H, γ〉ab, as
an be seen in the yli quotient 〈H, γ〉/H. Consequently, πab1 (X ′×k kalg) ontains a nontrivial
Galk-invariant subspae H
0(k, πab1 (X
′ ×k kalg)).
Let B be the generalized semiabelian Albanese variety of X. Then the Tate-module TB =
lim←−nB[n] agrees as Galk-module with π
ab
1 (X
′ ×k kalg), so that
H0(k, πab1 (X
′ ×k kalg)) = H0(k,TB) = lim←−
n
B[n](k) = lim←−
n
B(k)[n] = 0
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beause the torsion group of B(k) is nite if k is a number eld or a p-adi loal eld. This
ahieves a ontradition and ompletes the proof. 
Proposition 3. Let k be either a number eld or a nite extension of Qp, and let X/k be smooth
and geometrially onneted.
The map E 7→ Sπ1(X/k)(E) is a sheaf of sets on Spec(k)ét. In other words the spae of setions
satises Galois desent, i.e., for a Galois extension E/F of nite extensions of k the natural
map
Sπ1(X/k)(F )→ Sπ1(X/k)(E)
is injetive and has the Gal(E/F )-invariants as image.
Proof: For the proof we may assume that F = k. We rst show that restrition is injetive.
Let s, t be lasses of setions dened on Galk that agree when restrited on GalE. We hoose
representatives of s, t suh that s|GalE oinides with t|GalE . The dierene
a : Galk → π1(X ×k kalg), aσ = t(σ)/s(σ)
is a non-abelian oyle, whih means for all σ, τ ∈ Galk we have
aστ = aσs(σ)
(
aτ
)
s(σ)−1.
As s and t agree on GalE, we have aτ = 1 for all τ ∈ GalE. It follows from putting τ ∈ GalE
and then σ ∈ GalE that a fators over Gal(E/k) with values in the entraliser of s(GalE). By
Lemma 2 above we nd a ≡ 1 and s equals t on all of Galk.
The image of restrition is obviously ontained in the set of Gal(E/k)-invariant setions.
Proving the onverse, we assume that s : GalE → π1(X) is a Galois invariant setions. This
means that for all σ ∈ Galk a suitable lift σ˜ ∈ π1(X) will satisfy
(
σ˜(−)σ˜−1) ◦ s ◦ (σ−1(−)σ) = s
with the neessary onjugation by an element of π1(X ×k kalg) being inorporated into the
orret hoie of σ˜. It follows that σ˜τ
(
σ˜τ˜
)−1
entralises s(GalE), hene equals 1 by Lemma 2.
For σ ∈ GalE we get
s =
(
σ˜(−)σ˜−1) ◦ s ◦ (σ−1(−)σ) = (σ˜(−)σ˜−1) ◦ (s(σ)−1(−)s(σ)) ◦ s
so that σ˜s(σ)−1 entralises s(GalE), hene σ˜ = s(σ) by yet another appliation of Lemma 2. It
follows that σ 7→ σ˜ is a setion in Sπ1(X/k) that extends the given setion s to all of Galk and
this remained to be proved. 
2.2. Redution of setions. In this paragraph, let S = Spec(R) be the spetrum of an
exellent henselian disrete valuation ring with generi point η = Spec(k) and losed point
s = Spec(F). For a geometrially onneted, proper variety U/k, whih is the generi bre
j : U ⊆ X of a proper at model X/S with redued speial bre Y = Xs,red, we have a
speialisation map
U(k) = X(R)→ Y (F).
The orresponding struture for setions is as follows.
2.2.1. The ramiation of a setion. The kernel of the natural map Galk ։ π1(S, s) = GalF is
the inertia group Ik, whih is the absolute Galois group of the eld of frations k
nr
of the strit
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henselisation Rsh with spetrum S˜ = Spec(Rsh). Inspetion of the diagram
1 // π1(U ×k kalg)

// π1(U)
π1(j)
// Galk

// 1
1 // π1(X ×S S˜) // π1(X) // π1(S, s) // 1
1 // π1(Y ×F Falg) // π1(Y ) // GalF // 1
leads for eah setion σ ∈ Sπ1(X/k) to the ramiation homomorphism
ρ = ρσ : Ik → π1(Y ×F Falg),
that sits in a ommutative diagram
1 // Ik
ρ

// Galk
π1(j)◦σ

// GalF // 1
1 // π1(Y ×F Falg) // π1(Y ) // GalF // 1
Consequently, the ramiation ρ is a GalF-equivariant homomorphism. For setions σ = su
whih belong to a rational point u ∈ U(k) the ramiation ρsu vanishes.
2.2.2. No tame ramiation. The inertia Ik is the semi-diret produt of a pro-p group, where
p is the residue harateristi, and the tame inertia Itamek = Zˆ(1)
(
Falg
)
=
∏
ℓ 6=p Zℓ(1). By abuse
of notion we will also all tame inertia the images of splittings of Ik ։ I
tame
k .
Lemma 4. Let us assume in addition that F is a nite eld of harateristi p and that Y/F is
a proper urve. Then im(ρ) is a pro-p group, i.e., the restrition of ρ to tame inertia is trivial.
Proof: Otherwise, the image of tame inertia under ρ would be innite, beause π1(Y ×F Falg)
has nite ohomologial dimension. After replaing Y , and thus U and X by some nite étale
over, we would have a nontrivial GalF-equivariant map
ρ|Itamek : Zˆ(1)
(
Falg
)→ πab1 (Y ×F Falg)
that ontradits the Frobenius weights in étale ohomology of proper varieties over nite elds.
Here πab1 is the abelianization of π1 that is Pontrjagin dual to H
1
ét
and torsion free. 
2.3. Topology on the spae of setions.
2.3.1. Neighbourhoods. A neighbourhood of a setion s ∈ Sπ1(X/k) is an open subgroup H
of π1(X) together with a representative of s whose image is ontained in H onsidered up to
onjugation by H ∩π1(X). Equivalently, a neighbourhood is a nite étale map h : X ′ → X with
X ′ geometrially onneted over k and a setion s′ ∈ Sπ1(X′/k) whih maps to s under π1(h).
The images Uh = im
(
π1(h) : Sπ1(X′/k) → Sπ1(X/k)
)
where h runs through the neighbour-
hoods of any setion of π1(X/k) form the open sets of a topology on Sπ1(X/k). We will onsider
Sπ1(X/k) as a topologial spae endowed with this topology.
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2.3.2. Charateristi quotients. A topologially nitely generated pro-nite group Γ is in several
natural ways a projetive limit of harateristi nite quotients along the index system (N, <).
For example, we may set Qn(Γ) = Γ/
⋂
ϕ ker(ϕ) where ϕ ranges over all ontinuous homomor-
phisms Γ→ G with G nite of order ≤ n. Then Qn(Γ) is nite, the natural map Γ→ lim←−nQn(Γ)
is an isomorphism and the kernel of Γ։ Qn(Γ) is preserved under any ontinuous automorphism
of Γ.
As π1(X ×k kalg) is topologially nitely generated if k is of harateristi 0 we might push
π1(X/k) by the map π1(X ×k kalg)։ Qn(π1(X ×k kalg)) to obtain extensions Qn(π1(X/k)):
1→ Qn(π1(X ×k kalg))→ π1(X)/ ker
(
π1(X ×k kalg)։ Qn(π1(X ×k kalg))
)
→ Galk → 1.
We naturally extend the notation for the spae of setions, so that SQn(π1(X/k)) denotes the
Qn(π1(X ×k kalg))-onjugay lasses of setions of Qn(π1(X/k)).
Lemma 5. The natural map Sπ1(X/k) → lim←−n SQn(π1(X/k)) is a homeomorphism if we endow
the right hand side with the pro-disrete topology.
Proof: Let s, t be representatives of lases in Sπ1(X/k) that agree at every level Qn(π1(X/k)).
Let Mn ⊂ π1(X ×k kalg) be the nonempty set of elements whih onjugate s into t at level
Qn(π1(X/k)). Then lim←−nMn is a projetive limit of non-empty ompat sets and is therefore
non-empty. Any element in the limit onjugates s into t. The surjetivity is lear. 
2.3.3. The arithmeti ase. We now onsider the ase where k is either a number eld, or a
p-adi loal eld or R.
Proposition 6. Let X be a geometrially onneted variety over either a p-adi or an ahimedean
loal eld k. Then the topologial spae of setions Sπ1(X/k) is a pro-nite set.
Proof: By Lemma 5 it sues to show niteness of the set of setions of Qn(π1(X/k)), whih
follows in the loal ase from Galk being topologially nitely generated by [Ja89℄ Thm 5.1(),
see also [NSW08℄ 7.4.1. 
Proposition 7. Let X be a proper, geometrially onneted variety over an algebrai number
eld k. Then the topologial spae of setions Sπ1(X/k) is a pro-nite set.
Proof: By Lemma 5 we need to show niteness of the image of Sπ1(X/k) → SQn(π1(X/k))
for eah n. Let Bn ⊂ Spec(ok[ 1n! ]) be an open subset suh that the extension Qn(π1(X/k))
is indued from an extension of π1(Bn) by Qn(π1(X ×k kalg)). Any setion of Qn(π1(X/k))
oming from a setion of π1(X/k) will be unramied at plaes in Bn by Lemma 4. Any two
suh setions thus dier by a nonabelian ohomology lass in H1(Bn, Qn(π1(X ×k kalg)), whih
is a nite set by Hermite's theorem that states the niteness of the set of eld extensions of an
algebrai number eld with bounded degree and plaes of ramiation. 
Remark 8. Unfortunately, unlike with pro-nite groups, a ountable pro-nite spae need not
be nite. In fat, the spae M = { 1n ; n ∈ N} ∪ {0} with the topology inherited as a subspae
M ⊂ R is a ountable pro-nite set. Hene, ontrary to a long term belief, the topologial result
of Proposition 7 does not reprove the FaltingsMordell theorem of niteness of the set of rational
points on smooth, projetive urves of genus at least 2 one the setion onjeture is known.
Remark 9. The results of Setion 2.3 have been obtained independently from the similar results
by P. Deligne that are reported on in a letter from P. Deligne to D. Thakur. The author is
grateful to P. Deligne of having authorised its reprodution as an appendix for the onveniene
of the reader and for giving due referene.
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2.4. Evaluation of units at setions. Let U/k be a geometrially onneted variety. For
n ∈ N not divisible by the harateristi, the Kummer sequene determines a homomorphism
κ : O∗(U)→ H1(U, µn) = H1(π1U, µn), f 7→ κf .
The evaluation map modulo n for a setion s ∈ Sπ1(U/k) is the omposite
O∗(U)→ k∗/(k∗)n = H1(k, µn) = H1(Galk, µn), f 7→ f(s) = s∗(κf ).
The funtoriality of the Kummer sequene shows that for a setion su assoiated to a k-rational
point u ∈ U(k) we have
f(su) = f(u) mod (k
∗)n
and so the name evaluation is justied.
2.4.1. Galois-equivariant evaluation. Let k′/k be a nite Galois extension with Galois group
G = Gal(k′/k). For a setion s of π1(U/k) the base hange s′ = s⊗ k′ indues a G-equivariant
map
s′∗ : H1(π1Uk′ , µn)→ H1(k′, µn)
beause for σ ∈ G we have
s′∗ ◦ H1(π1(id×σ)) = s′∗ ◦
(
s(σ)−1(−)s(σ))∗ = (s(σ)−1s′(−)s(σ))∗
=
(
s′ ◦ (σ−1(−)σ))∗ = (σ−1(−)σ)∗ ◦ s′∗ = H1(π1(σ)) ◦ s′∗.
2.4.2. Evaluation and norms. More generally, for a nite eld extension k′/k the projetion
pr : Uk′ → U is nite at and thus allows a norm map N : pr∗Gm → Gm. The indued map
pr∗ µn → µn indues the orestrition on ohomology. Thus the following diagram ommutes
O∗(Uk′) κ //
N

H1(π1Uk′ , µn)
s′∗ //
cor

H1(k′, µn)
cor

k′∗/(k′∗)n
Nk′/k

O∗(U) κ // H1(π1U, µn) s
∗
// H1(k, µn) k
∗/(k∗)n
so that N(f)(s) = Nk′/k(f(s
′)) with s′ = s⊗ k′ and f ∈ O∗(Uk′).
3. BrauerManin obstrutions
3.1. Review of the Brauer-Manin obstrution for rational points. The BrauerManin
obstrution was introdued by Manin in [Ma71℄ and an explain the failure of the loalglobal
priniple. Let k be an algebrai number eld and X/k a smooth, geometrially onneted variety.
Let kv denote the ompletion of k at a plae v so that the restrited produt Ak =
∏′
v kv with
respet to all plaes and the rings of intergers ov ⊂ kv is the ring of adèls of k.
On the set of adeli points X(Ak) we introdue the equivalene relation with set of equivalene
lasses X(Ak)•, where two points are equivalent if they lie in the same onneted omponent
at eah innite plae. A global ohomologial Brauer lass A ∈ Br(X) def= H2(X,Gm) yields a
funtion
〈A,−〉 : X(Ak)• → Q/Z, x = (xv)v 7→
∑
v
invv(A(xv))
where A(xv) is the pullbak of A via xv to the Brauer group H
2(kv,Gm) = Br(kv) that has the
anonial invariant map invv : Br(kv)→ Q/Z. The HasseBrauerNoether loal global priniple
for Brauer groups, see [NSW08℄ 8.1.17, i.e., the exatness of
(3.1) 0→ Br(k)→
⊕
v
Br(kv)
P
v invv−−−−−→ Q/Z→ 0,
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shows that the global points X(k) lie in the Brauer kernel
X(Ak)
Br
• := {x ∈ X(Ak)• ; 〈A, x〉 = 0 for all A ∈ H2(X,Gm)}
of all the funtions 〈A,−〉. If a variety X has adeli points but empty Brauer kernel X(Ak)Br• ,
then this explains the absene of global points x ∈ X(k) and thus the failure of the loalglobal
priniple for X. For a more detailed exposition, see [Sk01℄ 5.2.
However, examples exist in dimension exeeding 1, where the absene of rational points annot
be explained by a Brauer-Manin obstrution. The rst was found by Skorobogatov [Sk99℄ and
ould later be explained through a Brauer-Manin obstrution on a nite étale double over. The
reent examples of Poonen [Po08℄ are shown to even resist being explained by the étale desent
Brauer-Manin obstrution.
3.2. Adeli setions. We dene the spae of adeli setions of π1(X/k) as the subset
Sπ1(X/k)(Ak) ⊆
∏
v
Sπ1(X/k)(kv),
with the produt over all plaes of k, of all tuples (sv) suh that for every homomorphism
ϕ : π1X → G with G nite the omposites ϕ ◦ sv : Galkv → G are unramied for almost all v.
A group homomorphism Galkv → G is unramied if it kills the inertia subgroup Ikv ⊂ Galkv .
Proposition 10. The natural maps yield a ommutative diagram
X(k) //

X(Ak)•

Sπ1(X/k)
// Sπ1(X/k)(Ak).
Proof: For a setion s of π1(X/k) and a homomorphism ϕ : π1X → G with G nite, the
omposite ϕ ◦ s : Galk → G desribes a G-torsor over k whih therefore is unramied almost
everywhere. Hene the tuple (s⊗ kv)v is an adeli setion.
Seondly, for an adeli point (xv) ∈ X(Ak)• the tuple of assoiated setions sxv is adeli.
Indeed, the G-torsor over X orresponding to a homomorphism ϕ : π1X → G with G nite
extends to a G-torsor over some at model X /B for a nonempty open B ⊂ Spec(Ok) for the
integers Ok in k. By the adeli ondition for almost all plaes v the point xv ∈ X(kv) atually
is a point xv : Spec(ov)→ X . This means that ϕ ◦ sxv fators as in the following diagram
Galkv
sxv //

π1(X ×k kv) ⊆

π1(X)
ϕ
//

G
π1(Spec(ov))
π1(xv)
// π1(X ×B ov) // π1(X )
::
u
u
u
u
u
u
u
whih shows that for suh v the omposite ϕ ◦ sxv is unramied. 
Proposition 11. Let X/k be a proper geometrially onneted variety. Then all tuples in∏
v Sπ1(X/k)(kv) are adeli setions of π1(X/k).
Proof: Let ϕ : π1X → G be a homomorphism with G nite and (sv) a tuple of loal setions.
Let v be a plae with residue harateristi p ∤ #G, and suh that the G-torsor orresponding
to ϕ has good redution over a at proper model X /B with v ∈ B. Then the restrition of
ϕ ◦ sv to the inertia group Ikv fators over the ramiation ρsv that by Lemma 4 has a pro-p
group as its image and therefore dies in G. Hene for all suh plaes v the orresponding ϕ ◦ sv
is unramied. 
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3.3. BrauerManin obstrution for setions. Let α ∈ H2(π1X,µn) be represented by the
extension
1→ µn → Eα → π1X → 1.
The evaluation of α in a setion sv ∈ Sπ1(X/k)(kv) is the Brauer lass s∗v(α) ∈ H2(kv , µn) that
is represented by the pullbak via sv of the extension Eα.
Proposition 12. Let (sv) be an adeli setion of π1(X/k). Then s
∗
v(α) vanishes for all but
nitely many plaes v.
Proof: The extension Eα omes by ination via a homomorphism ϕ : π1X → G with G nite
from a lass in H2(G,µn) represented by an extension
1→ µn → E → G→ 1.
The lass s∗v(α) vanishes if and only if the omposite ϕ ◦ sv lifts to E. The adeli ondition on
(sv) yields that for almost all v the map ϕ ◦ sv fators over Galκ(v) ∼= Zˆ whih admits a lift to
E beause Zˆ is a free pro-nite group. 
Proposition 12 allows the following denition of a funtion on adeli setions.
〈α,−〉 : Sπ1(X/k)(Ak)→ Q/Z, (sv) 7→
∑
v
invv
(
s∗v(α)
)
Theorem 13. The image of the natural map Sπ1(X/k) → Sπ1(X/k)(Ak) lies in the Brauer kernel
Sπ1(X/k)(Ak)
Br := {(sv) ∈ Sπ1(X/k)(Ak) ; 〈α, (sv)〉 = 0 for all n ∈ N and α ∈ H2(π1X,µn)}.
Proof: For a setion s ∈ Sπ1(X/k) and α ∈ H2(π1X,µn) we have
〈α, (s ⊗ kv)v〉 =
∑
v
invv
(
(s⊗ kv)∗(α)
)
=
∑
v
invv
(
s∗(α)⊗k kv
)
=
(∑
v
invv
)
(s∗(α)) = 0,
that vanishes by the HasseBrauerNoether loal global priniple for Brauer groups (3.1). 
The notation Sπ1(X/k)(Ak)
Br
requests a warning that its hoie omes from the analogy with
the Brauer kernel of adeli points and that in fat a more preise notation would refer to the
obstrution oming from H2 with oeients in µn. It it is by no means lear, albeit predited
by the loal setion onjeture, that the funtion 〈α, (sv)〉 on adeli setions only depends on
the image b(α) in the Brauer group. But our hoie of notation is shorter and suggestive and
hopefully that suiently justies its use.
The Kummer sequene yields an exat sequene
(3.2) 0→ Pic(X)/nPic(X) c1−→ H2(X,µn) b−→ nBr(X)→ 0
where nBr(X) is the n-torsion of Br(X). The omposite H
2(π1X,µn) ⊆ H2(X,µn) b−→ nBr(X)
is again denoted by b. The naturality of the Kummer sequene and H2(kv , µn) = nBr(kv) imply
(3.3) 〈b(α), (xv)〉 = 〈α, (sxv )〉
and thus a ommutative diagram.
(3.4) X(k) //

X(Ak)
Br•

⊆ X(Ak)•

〈b(α),−〉
**TT
TT
TT
TT
Q/Z
Sπ1(X/k)
// Sπ1(X/k)(Ak)
Br ⊆ Sπ1(X/k)(Ak)
〈α,−〉
55jjjjjj
Proposition 14. The middle faet of diagram (3.4) is a bre produt for smooth, geometrially
onneted urves X/k.
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Proof: It sues to prove that X(Ak)• is empty or that the map
b : H2(π1X,µn)→ n Br(X)
is surjetive for every n ≥ 1. Curves X whih are not a form of P1k are algebrai K(π, 1) spaes
and thus have H2(π1X,µn) = H
2(X,µn) so that the seond ondition follows from the Kummer
sequene (3.2).
A form of P1k with loal points everywhere is isomorphi to P
1
k by the Hasse loalglobal
priniple. So the non-trivial forms X have X(Ak)• = ∅. It remains to disuss X = P1k. But then
the omposite
H2(k, µn) = H
2(π1X,µn) ⊂ H2(X,µn) b−→ nBr(X)
is an isomorphism, beause c1(O(1)) kills the part of H2(X,µn) whih does not ome from
H2(π1X,µn). 
3.4. Loally onstant BrauerManin obstrutions. The group of loally onstant Brauer
lasses is dened as
B(X) := ker
(
Br(X)→
⊕
v
Br(X ×k kv)/Br(kv)
)
.
The evaluation of a Brauer lass A ∈ B(X) on an adeli point does not depend on the hoie of
the loal omponents and thus gives rise to a homomorphism
ιX : B(X)→ Q/Z, A 7→ 〈A, (xv)〉
independent of the hoie of (xv) ∈ X(Ak)•, see [Ma71℄. Let us dene the group of B-lasses in
H2(π1X,Q/Z(1)) by
H2
B
(π1X,Q/Z(1)) := {α ∈ H2(π1X,Q/Z(1)) ; b(α) ∈ B(X)}.
The group H2
B
(π1X,Q/Z(1)) ontains the group of loally onstant lasses
H2lc(π1X,Q/Z(1)) := ker
(
H2(π1X,Q/Z(1)) →
∏
v
H2(π1(X ×k kv),Q/Z(1))/H2(kv ,Q/Z(1))
)
.
The evaluation of a lass α ∈ H2lc(π1X,Q/Z(1)) on an adeli setion does not depend on the
hoie of the loal omponents and thus gives rise to a homomorphism
jX : H
2
lc(π1X,Q/Z(1))→ Q/Z, α 7→ 〈α, (sv)〉
independent of the hoie of the (sv) ∈ Sπ1(X/k)(Ak). If X is a K(π, 1) with respet to o-
homologial degree 2, more preisely if b : H2(π1X,Q/Z(1)) → Br(X) is surjetive, then the
Brauer-Manin pairings yield a ommutative diagram
(3.5)
X(A)• //
 _

Hom(B(X),Q/Z)
 _
 ++WWWW
WWW
WWW
WWW
W
Sπ1(X/k)(Ak) // Hom(H
2
B
(π1X,Q/Z(1)),Q/Z)
res // Hom(H2lc(π1X,Q/Z(1)),Q/Z)
with injetive vertial maps. The image in the top row is ιX , while the image in the bottom
row is jX , regardless of the adeli point or setion hosen. So if the image of the spae of adeli
setions in Hom(H2
B
(π1X,Q/Z(1)),Q/Z) is not onstant, then the loal setion onjeture fails,
whih gives a method of attak to falsify the loal setion onjeture. On the other hand, if the
restrition
b : H2lc(π1X,Q/Z(1)) → B(X)
is still surjetive, in whih ase we say that there are enough loally onstant µn-extensions,
then the diagonal arrow is still injetive. As ιX gets mapped to jX , and the latter vanishes if
there is a global setion s ∈ Sπ1(X/k), under the assumption of having enough loally onstant
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µn-extensions we would nd that the existene of a global setion implies the vanishing of ιX .
Consequently, an armative answer to the following question would be quite useful.
Question 15. Does there exist enough loally onstant µn-extensions for urves?
3.5. Loally onstant obstrutions for urves.
Proposition 16. Let X/k be a smooth, projetive urve of genus g ≥ 1 over a number eld k,
whih admits adeli points. Then the Leray spetral sequene for X → Spec(k) with oeients
in Q/Z(1) degenerates at the E2-level, at least for matters of H
2
.
Remark 17. In fat, if k has no real plae, or restrited to the prime to 2 omponent the whole
spetral sequene of Proposition 16 degenerates at the E2-level.
Proof: The ohomology Hq(X ×k kalg,Q/Z(1)) vanishes for q ≥ 3, and H3(k,Q/Z(1)) = 0.
Thus only the maps d1,02 and d
2,0
2 have to be examined. The rst is the Brauer obstrution
map PicX,tors(k) → Br(k) restrited to the torsion subgroup, see [Sx08a℄ Appendix B. Hene
its image is ontained in the kernel of Br(k) → Br(X) whih vanishes beause of the loal
global priniple for the Brauer group and the existene of loal points whih split the loal maps
Br(kv)→ Br(X ×k kv). The map d2,02 vanishes beause the omposite
(3.6) Pic(X)⊗Q/Z c1−→ H2(X,Q/Z(1)) → H0(k,H2(X ×k kalg,Q/Z(1))) = Q/Z
is surjetive being nothing but the degree map tensored with Q/Z. 
Here the map c1 omes from the Kummer sequene on X and sits in an exat seqeune
(3.7) 0→ Pic(X) ⊗Q/Z c1−→ H2(X,Q/Z(1)) → Br(X)→ 0.
Being a K(π, 1)-spae we may replae étale ohomology by group ohomology in the result of
Proposition 16. Let F•H2(π1X,Q/Z(1)) be the ltration indued by the Leray (or in this ase
HohshildSerre) spetral sequene. We set
F1H2
B
(
π1X,Q/Z(1)
)
:= F1H2
(
π1X,Q/Z(1)
) ∩H2
B
(
π1X,Q/Z(1)
)
.
Let k be an algebrai number eld and let A/k be a ommutative group sheme. In order to
x a notation, we remind the denition of the TateShafarevih group
X
1(k,A) := ker
(
H1(k,A)→
∏
v
H1(kv , A)
)
.
If A is moreover divisible, e.g. for A = Pic0X , we dene the Selmer group for A as the group
H1Sel(k,A) = ker
(
H1(k,Ators)→
∏
v
H1(kv, Ators)/δv
(
A(kv)⊗Q/Z
))
,
where Ators is the torsion subgroup, and δv : A(kv)⊗Q/Z→ H1(kv , Ators) is the diret limit of
onneting homomorphisms for the multipliation by n sequene for A on X ×k kv.
Proposition 18. Let X/k be a smooth, projetive urve of genus g ≥ 1 over a number eld k,
whih admits adeli points. Then the inlusion in H1(k,PicX,tors) denes an isomorphism
H1Sel(k,Pic
0
X) = F
1H2B
(
π1X,Q/Z(1)
)
/H2(k,Q/Z(1)).
Proof: The kernel P˜ of the map deg⊗Q/Z : Pic(X) ⊗ Q/Z → Q/Z sits in a short exat
sequene
0→ Pic0X(k)⊗Q/Z→ P˜ → Z/period(X)Z→ 0
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From (3.6), (3.7) and using Tsen's theorem we dedue from
0 // Pic0X(k)⊗Q/Z

// H1Sel(k,Pic
0
X)
 _
i

// X1(k,Pic0X)
//

0
0 // P˜ // F
1H2
B
(π1X,Q/Z(1))/H
2(k,Q/Z(1)) // X1(k,PicX) // 0
via the snake lemma an exat sequene
0→ Z/period(X)Z δ−→ Z/period(X)Z→ coker(i)→ 0.
This proves the laim. 
As a onsequene of Proposition 18, we obtain the following variant of diagram (3.5)
(3.8) X(A)• //
 _

Hom(B(X)/Br(k),Q/Z)
 _

Sπ1(X/k)(Ak) // Hom(H
1
Sel(k,Pic
0
X),Q/Z)
where the vertial maps are still injetive, and the top horizontal arrow is onstant with value
the indued map by ιX .
Following Saïdi and Tamagawa we all a loal setion sv good if the omposite
Pic0X(kv)⊗Q/Z→ H2(π1X ×k kv,Q/Z(1))
s∗v−→ H2(kv,Q/Z(1))
vanishes. The subset S
good
π1(X/k)
(Ak) of the adeli setions suh that all loal omponents are good
in the sense above reeives the adeli setions orresponding to adeli points. Moreover, all good
adeli setion indue the same homomorphism H1Sel(k,Pic
0
X) → Q/Z as their loally onstant
Brauer obstrution, whih therefore equals
ιX : H
1
Sel(k,Pic
0
X)։ B(X)/Br(k)→ Q/Z.
We onlude that if the adeli setion assoiated to a setion s of π1(X/k) is good, then ιX
vanishes by Theorem 13. The prime to p-part of a loal setion is good if the residue harateristi
is p. The goodness of the p-part however remains largely a mystery.
Remark 19. The natural map desribes an inlusion
H2lc(π1X,Q/Z(1))/H
2(k,Q/Z(1)) ⊂ H1Sel(k,Pic0X)
whih, when analysed arefully, makes a positive answer to Question 15 very unlikely.
4. Conditional results
4.1. The assumptions. In Setion 4, and in this setion only, we work under the following
hypotheses when neessary.
(BM) The BrauerManin obstrution is the only obstrution that prevents the existene of ra-
tional points on smooth, projetive geometrially onneted urves over algebrai number
elds.
(TX) The Tate-Shafarevi group X
1(k,Pic0X) of the jaobian Pic
0
X of a smooth projetive
urve X over a number eld k is nite.
(LSC) The loal setion onjeture holds true, i.e., the setion onjeture for a base eld that
is nite over some Qp.
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The redibility of the above assumptions varies. Only reently, several authors ontributed
evidene for (BM), see [Sh98℄, [F04℄, [Po06℄, [PV07℄ and [St07℄. For surfaes and beyond (BM)
was expeted to fail a long time ago, and an example was nally provided by Skorobogatov,
see [Sk99℄ and [Po08℄. The assumption (TX) belongs to main stream mathematis for quite
some time and enters for example in the Birh and Swinnerton-Dyer onjeture or even more
intrinsially in deeper onjeture about motives. The last assumption (LSC) is of ourse a
neessity in light of any progress for the setion onjeture over number elds whih progresses
along the avenue of the interation between loal and global in number theory. As weak evidene
towards (LSC) we might regard the reent works [Ko05℄, [P07℄ and [Sx08a℄.
4.2. 0-yles instead of rational points. The BrauerManin obstrution against rational
points an be extended to an obstrution against k-rational 0-yles.
4.2.1. CasselsTate pairing and loally onstant obstrutions. Let X/k be a smooth, projetive
geometrially onneted urve. The Leray spetral sequene for X → Spec(k) yields an exat
sequene
Br(k)→ B(X)→X1(k,PicX)→ 0.
Lemma 20. Let X/k be a smooth projetive geometrially onneted urve with adeli points
and let X →W = Alb1X be the map into its universal torsor under an abelian variety. There is
a ommutative diagram
B(X) // //
ιX
''OO
OO
OO
OO
OO
X
1(k,PicX)
δ

X
1(k,Pic0X)
oooo
〈[W ],−〉CTvvllll
ll
ll
ll
ll
Q/Z
where 〈[W ],−〉CT is the CasselsTate pairing
X
1(k,AlbX)×X1(k,Pic0X)→ Q/Z
evaluated at the lass [W ] ∈X1(k,AlbX).
Proof: This an be found for example in [Ma71℄ Theorem 6, Proposition 8, [Mi82℄ Lemma
2.11, or [Sk01℄ Theorem 6.2.3. 
Beause the CasselsTate pairing is non-degenerate modulo the subgroup of divisible elements
we get the following easy orollary, see D. Eriksson and V. Sharashkin [ES06℄ Thm 1.2, who
were the rst to state that loally onstant lasses in the Brauer group sue to detet the
absene of 0-yles of degree 1 on urves over number elds with nite Tate-Shafarevih groups.
Corollary 21 (ErikssonSharashkin [ES06℄). Under the assumptions of Lemma 20, if (TX)
holds for Pic0X , then the following are equivalent.
(a) ιX = 0,
(b) Alb1X has a rational point,
() period(X) = 1,
(d) index(X) = 1.
Proof: If X has an adeli point, then the kernel of Br(k)→ Br(X) is trivial but surjets onto
period(X)Z/ index(X)Z by the degree map. Hene () is equivalent to (d). By denition () is
equivalent to (b) whih under the assumtption (TX) is equivalent to the triviality of the map
〈[W ],−〉CT, hene equivalent to ιX = 0 by Lemma 20. 
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4.2.2. Loally onstant obstrutions assuming niteness of X.
Theorem 22. Let X/k be a smooth, projetive geometrially onneted urve of genus at least
1 with adeli points and suh that π1(X/k) splits. Under the assumption (LCS) that the loal
setion onjeture is true for X/k and (TX) that the Tate-Shafarevih group for Pic0X is nite,
we nd that X has index 1, i.e., there is a rational 0-yle of degree 1 on X.
Proof: Under the assumption of the loal setion onjeture, in diagram (3.5) the left vertial
map is a bijetion, showing that the image of ιX in Hom(H
2
B
(π1X,Q/Z(1)),Q/Z) equals the
image of the adeli setion (s ⊗ kv) oming from the global setion s ∈ Sπ(X/k). Hene ιX
vanishes by Theorem 13. By Corollary 21 we may dedue that X has index 1. 
4.3. A bre square and a loalglobal priniple.
Proposition 23. Under the assumption (LSC) that the loal setion onjeture holds for smooth,
projetive urves over nite extensions of Qp of genus at least 2 and all p, then the natural map
X(Ak)
Br
• → Sπ1(X/k)(Ak)Br
is a bijetion for a smooth, projetive geometrially onneted urve X/k of genus at least 2 over
an algebrai number eld k.
Proof: The assumption of the loal setion onjeture and the validity of the real setion
onjeture, see [Sx08a℄ Appendix A, yield a bijetion X(Ak)• → Sπ1(X/k)(Ak). The result then
immediately follows from Proposition 14. 
Proposition 24. Let X be smooth, projetive, geometrially onneted urve over the number
eld k. Under the assumption (BM) that the BrauerManin obstrution is the only obstrution
that prevents the existene of rational points on smooth, projetive geometrially onneted urves
over algebrai number elds, the left faet of diagram (3.4)
(4.1) X(k) //

X(Ak)
Br•

Sπ1(X/k)
// Sπ1(X/k)(Ak)
Br
is a bre produt square.
Proof: The vertial maps are injetive by the known injetivity part of the global and the
loal setion onjeture.
It sues to show that a setion s of π1(X/k) that loally omes from an adeli point (xv)
fores the existene of a rational point x ∈ X(k). Indeed, we may look at neighbourhoods
h : X ′ → X of s with a lift t ∈ Sπ1(X′/k) of s. Beause of s ⊗ kv = sxv the lift t determines
a unique lift of the adeli point (xv) to an adeli point of X
′
that moreover is in X ′(Ak)Br• by
Theorem 13 and Proposition 14.
It follows that the existene of rational points on X ′ is not BrauerManin obstruted whereby
we nd a rational point x′ ∈ X ′(k) by assumption. The usual limit argument in the tower of
all neighbourhoods shows that the setions sh(x′) onverge to s and that the limit of the h(x
′)
beomes a rational point x ∈ X(k) with sx = s, see [Sx08a℄ Appendix C. 
The following logial dependene between dierent onjetures has been independently ob-
served by O. Wittenberg.
Theorem 25. If the loal setion onjeture (LSC) holds true for smooth, projetive urves over
nite extensions of Qp of genus at least 2 and all p, and (BM) if the BrauerManin obstrution is
the only obstrution that prevents the existene of rational points over algebrai number elds on
smooth, projetive urves, then the predition of the setion onjeture holds true: for a smooth,
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projetive geometrially onneted urve X/k of genus at least 2 over an algebrai number eld
k the natural map
X(k)→ Sπ1(X/k)
is a bijetion.
Proof: This is an immediate onsequene of Proposition 23 and Proposition 24. 
For a disussion of the nite desent obstrution, the lose ousin of the BrauerManin ob-
strution, on adeli points instead of setions and an analogue of Theorem 25 we refer to the
work of M. Stoll [St06℄ 9.
5. Appliation: the ReihardtLind urve
5.1. Geometry and arithmeti of the ReihardtLind urve. For the onveniene of the
reader we reall the geometry and arithmeti of the ReihardtLind urve. For an elementary
exposition on the ReihardtLind urve we may refer to [AL℄. The ane ReihardtLind
urve U is the ane urve in A2Q given by the equation
(5.1) 2Y 2 = Z4 − 17, Y 6= 0.
The projetive ReihardtLind urve X is the projetive urve over Q given by the homo-
geneous equations in P3Q {
2T 2 = A2 − 17B2
AB = C2
The map
(y, z) 7→ [a : b : c : t] = [z2 : 1 : z : y]
identies U with the open subset of X dened by TB 6= 0. The urve X has a model
X = Proj
(
Z[
1
34
][A,B,C, T ]/(2T 2 = A2 − 17B2, AB = C2)
)
that is smooth, projetive with geometrially onneted bres above SpecZ[ 134 ] as an be heked
via the jaobian riterion: the matrix(
2A −34B 0 −4T
B A −2C 0
)
has full rank everywhere on X . We have ΩX = O(−4 + 2 + 2)|X = OX by the adjuntion, so
that X is a smooth, projetive urve of genus 1 over Q with good redution outside {2, 17}. The
divisor D ⊂ X given by the redued lous of TB = 0 is isomorphi to
D = Spec(Z[
1
34
,
4
√
17]) ∐ Spec(Z[ 1
34
,
√
2])
and is relative eetive and étale over Spec(Z[ 134 ]) of degree 6. The omplement U = X − D
is a at model of U over Spec(Z[ 134 ]) as a hyperboli urve of type (1, 6). We have
U = Spec
(
Z[
1
34
][Y ±1, Z]/(2Y 2 = Z4 − 17)
)
and U is preisely the lous where Y ∈ OU is invertible as a rational funtion on X . The
divisor div(Y ) equals P − 2 ·Q with P ∼= Spec(Z[ 134 , 4
√
17]) and Q ∼= Spec(Z[ 134 ,
√
2]).
The projetive ReihardtLind urve X is a prinipal homogeneous spae under its Jaobian
E = Pic0X . The equation for E/Q an be found in [MR75℄ p. 278, namely E is given by the
ane equation
Y 2 = X(X2 + 17)
The ellipti urve E/Q is enoded by 18496k1 with oeient vetor [0, 0, 0, 17, 0] on Cremona's
list, see [Cre℄, and has ondutor N = 18496 = 26 · 172, E(Q) = Z/2Z, analyti rank 0, hene
nite X
1(Q, E) of analyti order 4.
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The signiane of the ReihardtLind urve X lies in the fat that its lass in H1(Q, E)
belongs to the group X
1(Q, E) of E-torsors that are loally trivial at every plae of Q. This
is lear outside 2, 17 and ∞ by good redution, at ∞ it is obvious, at 17 we have Q ∈ X(Q17),
and at 2 we have P ∈ X(Q2). That X ∈ X1(Q, E) represents a non-trivial lass means that
X(Q) = ∅ and is realled in Setion 5.2. As suh, the urve X violates the Hasse loalglobal
priniple and was disovered in 1940 by Lind [Li40℄, and independently in 1942 by Reihardt
[Re42℄.
5.2. Review of the lassial proof for absene of rational points.
5.2.1. Via Gauÿ reiproity. A solution in Q of 2Y 2 = Z4−17 leads after learing denominators
to the equation 2y2 = z40 − 17z41 with integers z0, z1, y and z0, z1 oprime. Then 17 ∤ y and thus
for eah odd prime p | y we nd that 17 is a square modulo p, hene
(
p
17
)
=
(
17
p
)
= 1. As also(
−1
17
)
= 1 and
(
2
17
)
= 1, we nd that y is a square modulo 17. But then 2 must be a 4th power
modulo 17, whih it is not by 24 ≡ −1 mod 17, ontradition.
5.2.2. Via a BrauerManin obstrution. The absene of global rational points on X an also
be explained by a BrauerManin obstrution. The Kummer sequene with multipliation by 2
yields a map
O∗(U )/(O∗(U ))2 → H1(U , µ2), t 7→ χt
and we use the up-produt αU = χY ∪ χ17 ∈ H2(U , µ⊗22 ). The loalization sequene together
with the Gysin isomorphism yields an exat sequene
H2(X , µ⊗22 )→ H2(U , µ⊗22 ) res−−→ H1(D , µ2).
The residue res(αU ) an be omputed with the help of exision or via the tame symbol of Milnor
K-theory. Near P ∼= Spec(Z[ 134 , 4
√
17]) the harater χ17 vanishes as 17 beomes a square, and
near Q ∼= Spec(Z[ 134 ,
√
2]) the funtion Y beomes a square and so χY vanishes. It follows that
αU lifts to an element α ∈ H2(X , µ2), where we have identied µ⊗22 with µ2.
We will ompute the funtion 〈A,−〉 on adeli points X(AQ)• for the image A of α under
H2(X , µ2) → Br(X ). Let (xv) ∈ X(AQ)• be an adeli point. Outside 2, 17 and ∞ the lass
A has good redution and thus A(xv) belongs to Br(ov) = 0. At 2 and ∞ we nd that 17 is a
square and beause by ontinuity of invv(A(xv)) we may assume that atually xv ∈ U(Qv) we
nd for v = 2,∞ that
invv(A(xv)) = invv(x
∗
v(α)) = invv(x
∗
v(χY ∪ χ17)) = 0.
It remains to ompute 〈A, (xv)〉 = inv17(A(x17)) where A(x17) is the quaternion algebra (y, 17) =(
y,17
Q17
)
with y = Y (x17). We set E = Q17(
4
√
17) and F = Q17(
√
17). The norm residue property
states that under the identiation
1
2
Z/Z = Gal(F/Q17) = Q
∗
17/NF/Q17
(
F ∗
)
.
we nd inv17((y, 17)) = y mod NF/Q17
(
F ∗
)
. The eld extension E/Q17 is abelian and totally
ramied of degree 4. Multiplition by 2 therefore indues a map
Q∗17/NF/Q17
(
F ∗
)→ Q∗17/NE/Q17(E∗)
that by loal lass eld theory is a map µ2 → µ4 with image the squares in µ4, hene it is
injetive. As y satises 2y2 = z4 − 17 for z = Z(x17) we see that 2y2 is a norm from E. We
onlude that the image of inv17((y, 17)) in Q
∗
17/NE/Q17
(
E∗
)
is given by the lass of 1/2 whih
is nontrivial beause 2 is not a 4th power in F∗17 and by loal lass eld theory
NE/Q17
(
E∗
)
= 〈−17〉 · {ε ∈ o∗17 ; ε is a 4th power modulo 17}.
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It is the argument of Setion 5.2.2 that we will apply below to adeli setions in order to nd a
BrauerManin obstrution for setions of the ane ReihardtLind urve.
5.3. The µ2-extension. Let π1(Us) (resp. π1(Xs)) be the fundamental group of the geometri
generi bre of U → S (resp. X → S) with the base S = SpecZ[ 134 ]. The kernel of the
quotient map π1 ։ π
2
1 to the maximal pro-2 quotients are harateristi and thus yield short
exat sequenes
(5.2) 1→ π21(Us)→ π(2)1 (U )→ π1(S, s)→ 1
(5.3) 1→ π21(Xs)→ π(2)1 (X )→ π1(S, s)→ 1.
with the geometrially pro-2 fundamental groups π
(2)
1 (U ) (resp. π
(2)
1 (X )). Beause the base S
and the geometri bres are K(π, 1) for the prime 2 and beause there is a natural omparison
morphism between the HohshildSerre spetral sequene for (5.2) (resp. (5.3)) and the Leray
spetral sequene for the projetion to S, we nd the following proposition.
Proposition 26. Let M be a loally onstant étale sheaf on U (resp. X ) with bre a nite
abelian 2-group. Then the natural maps
Hq(π
(2)
1 (U ),M)→ Hq(U ,M)
Hq(π
(2)
1 (X ),M)→ Hq(X ,M)
are isomorphisms for all q ∈ N. 
It follows that the lass α ∈ H2(X , µ2) of Setion 5.2.2 already lives in H2(π(2)1 X , µ2) and
restrits/inates to αU = χY ∪χ17 ∈ H2(π(2)1 U , µ⊗22 ) with χY , χ17 ∈ H1(π(2)1 U , µ2) = H1(U , µ2)
and the identiation µ2 = µ
⊗2
2 .
5.4. Setions for the ReihardtLind urve.
Theorem 27. The fundamental group extension π1(U/Q) for the ane ReihardtLind urve
U/Q does not split. In partiular, the setion onjeture holds trivially for U/Q as there are
neither rational points nor setions.
More preisely, the geometrially pro-2 extension π
(2)
1 (X/Q) of the projetive ReihardtLind
urve X/Q does not admit a setion s that allows loally at p = 2 and p = 17 a lifting s˜p
GalQp
s˜p
xx
s⊗Qp

π
(2)
1 (U)
// // π
(2)
1 (X).
Note that the method of [HS08℄ does not apply to the ReihardtLind urve beause its
jaobian E has rank 0, see the end of Setion 5.1.
Proof: We argue by ontradition. Let s be a setion of π
(2)
1 (X/Q) that allows loal lifts s˜p
at p = 2 and p = 17. We will ompute the BrauerManin obstrution 〈α, (s ⊗Qv)〉.
The setion s desends to a setion σ : π1(S) → π(2)1 (X ) with S = SpecZ[ 134 ] as above by
Setion 2.2.2. It follows that (s⊗Qv)∗α is the image of σ∗(α) under the map
H2(π1S, µ2) ⊂ H2(S, µ2)→ H2(Qv, µ2) = 2Br(Qv)
and thus vanishes for v 6= 2, 17,∞. It remains to ompute the ontribution to 〈α, (s ⊗Qv)v〉 at
the plaes v = 2, 17 and ∞.
When restriting to R = Qv for v = ∞ we know from the real setion onjeture, see [Sx08a℄
Appendix A, that s⊗R belongs to a real point x ∈ X(R), that we moreover an move freely in its
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onneted omponent, so that it is in U(R). The setion s⊗R thus lifts to a s˜∞ : GalR → π(2)1 (U).
We onlude that for v = 2, 17 and ∞
(s⊗Qv)∗(α) = s˜∗v(αU ) = s˜∗v(χY ∪ χ17) = s˜∗v(χY ) ∪ s˜∗v(χ17) = χY (s˜v) ∪ χ17
whih is the lass of the quaternion algebra (yv, 17) ∈ Br(Qv) with yv = Y (s˜v) ∈ Q∗v/(Q∗v)2.
Beause 17 is a square at 2 and ∞, the loal ontribution at v = 2 and at v =∞ vanishes.
As X4 − 17 is a norm for the projetion U ×Q Q( 4
√
17) → U and equal to the unit 2Y 2 we
nd by Setion 2.4.2 that 2y217 is a norm from Q17(
4
√
17). At rst the equation
2y217 = NQ17( 4
√
17)/Q17
((
X − 4
√
17
)
(s˜17)
)
holds only in Q∗17/(Q
∗
17)
2
. But with a suitable hoie of representative y for y17 ∈ Q∗17/(Q∗17)2
we nd that 2y2 is a norm from Q17(
4
√
17) already in Q∗17. We onlude as at the end of Setion
5.2.2 that y is not a norm from Q17(
√
17) and thus inv17
(
(y, 17)
)
= 12 is nontrivial, so that also
〈α, (s ⊗Qv)〉 =
∑
v
invv(s⊗Qv)∗(α) = inv17
(
(y, 17)
)
=
1
2
6= 0
whih ontradits Theorem 13. 
5.5. Arithmeti twists of the ReihardtLind urve. In this setion we study an arith-
metially twisted version of the ReihardtLind urve. Let k be an algebrai number eld and
let X be the smooth projetive urve over k dened by the homogeneous equations
(5.4)
{
ℓT 2 = A2 − pB2
AB = C2
with ℓ, p ∈ k∗. The urve X has good redution for plaes v ∤ 2ℓp. Let U ⊂ X be the omplement
of the support D = P ∐Q of div(T/B), with P ∼= Spec(k[t]/t4 − p) and Q = Spec(k[t]/t2 − ℓ).
The Brauer lass αU = χT/B ∪χp ∈ H2(U, µ2) lifts to a lass α ∈ H2(X,µ2) beause its residues
at P and Q vanish as T/B (resp. p) beomes a square near Q (resp. P ).
For the omputation of the BrauerManin obstrution with respet to α along the lines of
Setion 5.4 we impose the following list of onditions.
(i) p is positive with respet to any real plae of k.
(ii) for all v | 2ℓp with √p 6∈ kv we have µ4 ⊂ kv and
N = #{v | 2ℓp ; √p 6∈ kv and ℓ not a norm from kv( 4√p)/kv}
is odd.
We furthermore need lifts s˜v : Galkv → π(2)1 (U) loally at plaes v | 2ℓp, but then the onditions
(i) & (ii) enfore 〈α, (sv)〉 = N/2 = 1/2 regardless of the hoie of the adeli setion (sv). The
urve X has loal points for all plaes v of k if
(iii) for all v | 2ℓp we have √ℓ ∈ kv or 4√p ∈ kv.
beause then P or Q split loally for v | 2ℓp. The plaes of good redution (resp. the innite
plaes) have loal points anyway (resp. by (i)).
In order to get a simpler list of onditions we speialize now to the ase where p is a prime
element of Ok that is oprime with 2ℓ. Moreover, we hoose in (ii) for all plaes v 6= p that√
p ∈ kv. It follows that the loal quadrati norm residue symbol (ℓ, p)v vanishes for all plaes
v but possibly v = p, hene also at v = p by reiproity and thus
√
ℓ ∈ kv for v = p. Using loal
lass eld theory to determine the norm group of kv( 4
√
p)/kv for v = p, it is thus enough to ask
(i') p is a prime element oprime to 2ℓ and positive with respet to any real plae of k.
(ii') for v = p we have µ4 ⊂ kv and ℓ is not ongruent to a 4th power modulo p.
(iii') for all v | 2ℓ we have √p ∈ kv and a loal solution in kv, e.g., by requiring 4√p ∈ kv.
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We further simplify to k = Q and set ℓ = ε
∏n
i=1 qi as a produt of n ≥ 1 positive distint prime
numbers qi and a sign ε = ±1. Moreover we ahieve ondition (iii') for v ∤ 2 by asking √p ∈ kv
but µ4 6⊂ kv. Hene we need to satisfy the onditions
(i) p > 0 is an odd prime number dierent from the prime fators qi of ℓ.
(ii) p ≡ 1 mod 4 and ℓ is not ongruent to a 4th power modulo p.
(iii) p is a square modulo qi for all i = 1, . . . , n, and qi ≡ 3 mod 4 for qi odd.
(iv) p ≡ 1 mod 8 and we have a loal solution in Q2, e.g., by requiring p ≡ 1 mod 16.
Let ℓ be even (but not divisible by 4). The number eld F = Q( 4
√
ℓ,
√
q1, . . . ,
√
qn, µ8) is of
degree 2 over E = Q(
√
q1, . . . ,
√
qn, µ8). Conditions (i) - (iii) on p translates to the ondition
that p is unramied in F/Q and the Frobenius Frobp of a plae p|p for the extension F/Q
generates the entral group Gal(F/E). The solution in Q2 is now automati as follows. We
write the ane version of equation (5.4) as Z4 = p+ ℓY 2, and p+ ℓY 2 must be ≡ 1 mod 16 in
order to allow a 4th root in Q2. If p ≡ 1 mod 16 we put Y = 0, if p ≡ 9 mod 16 we put Y = 2,
and we are done. Using the Chebotarev density theorem and
√
2 = (1+ i)/ζ8 we nd that a set
of density
1
2n+2
of all prime numbers yield valid hoies for p when ℓ is even and squarefree and
all odd prime fators of ℓ are ≡ 3 mod 4.
In ase ℓ is odd, we have to replae F/E by Q( 4
√
ℓ,
√
q1, . . . ,
√
qn, µ16)/Q(
√
q1, . . . ,
√
qn, µ16)
with the same translation of the onditions on p to the Frobenius Frobp for a plae p|p. In this
ase, the Chebotarev density theorem yields a set of density
1
2n+4
of all prime numbers as valid
hoies for p when ℓ is odd and squarefree and all prime fators of ℓ are ≡ 3 mod 4. Conrete
examples are given as follows.
(1) ℓ = 2 and p = 17, the ReihardtLind urve, or p = 41 or p = 97,
(2) ℓ = 6 and p = 73,
(3) ℓ = 11 and p = 97,
(4) ℓ = 19 and p = 17.
All these arithmeti twists yield more empty examples for the setion onjeture where the
existene of setions is BrauerManin obstruted. In partiular, there are innitely many of
these examples.
5.6. An isotrivial family of examples. In the introdution of [Po01℄ Poonen reports an
example onstruted by Elkies. The smooth bres of the isotrivial family Xt with t ∈ P1 of
arithmeti twists of the Reihardt-Lind urve, given in ane form by the equation
2Y 2 = Z4 −N(t), N(t) =
(
1 +
2
1 + t+ t2
)4
+ 16,
yield for eah t ∈ Q ∪ {∞} a ounterexample to the Hasse priniple as explained below. Note
that for t =∞ the bre X∞ oinides with the original ReihardtLind urve.
5.6.1. Loal points. The key property of N(t) is that it takes only odd values at rational t. After
resaling we may replae N = N(t) by a quarti free integer N0 = M
4 · N(t) whih equals
N0 = A
4 + 16B4 with A,B odd and oprime integers. Clearly we have R-points as N0 > 0 and
also Qp-points for p ∤ 2N0, the primes of good redution of Xt.
For loal points at p = 2 we note that N0 ≡ 1 mod 16, and thus N0 is a 4th power in Q2,
whih leads to a Q2-point with Y = 0. For an odd prime p | N0 we nd that −1 is a 4th power
in Fp, hene p ≡ 1 mod 8, and so 2 is a square in Fp. It follows that there is y ∈ Zp suh that
N0 + 2y
2
is a 4
th
power modulo p and thus also a 4th power in Qp whih yields a Qp-point.
5.6.2. The absene of setions. Let Ut be the open subsheme of Xt given by
2Y 2 = Z4 −N(t), Y 6= 0.
Proposition 28. The fundamental group extension π1(Ut/Q) for the arithmeti twist Ut with
t ∈ Q of the ane ReihardtLind urve does not allow a setion.
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Proof: We resale as above and replae N by N0 = A
4+16B4 with A,B odd and oprime. The
BrauerManin obstrution for an adeli setion (sp) with respet to the Brauer lass α = χY ∪χN0
an have a nontrivial loal ontribution
invp(s
∗
p(α)) = invp
(
(Y (sp), N0)
)
at most at plaes p | N0. Then p ≡ 1 mod 8 and Qp ontains µ4. Hene Qp( 4
√
N0) either equals
Qp and then invp(s
∗
p(α)) = 0, or Qp(
4
√
N0) is an abelian yli extension of Qp of degree 4. Loal
lass eld theory shows, as in Setion 5.2.2, that multipliation by 2 indues an injetive map
µ2 ∼= Q∗p/NQp(√N0)/Qp
(
Qp(
√
N0)
∗) →֒ Q∗p/NQp( 4√N0)/Qp
(
Qp(
4
√
N0)
∗) ∼= µ4.
As 2Y (sp)
2
is a norm from Qp(
4
√
N0), we onlude that invp(s
∗
p(α)) is nontrivial, namely Y (sp)
is not a norm form Qp(
√
N0), if and only if 2 is not a norm from Qp(
4
√
N0). If the exponent
vp(N0) of p in N0 is even, then 2 is not a norm from Qp(
4
√
N0) if and only if 2 is not a square
in Fp, but whih it always is due to p ≡ 1 mod 8.
If the exponent vp(N0) of p in N0 is odd, then 2 is not a norm from Qp(
4
√
N0) if and only if
2 is not a 4th power in Fp, hene for suh primes p we nd
invp(s
∗
p(α)) =
(
2
p
)
4
under the identiation
1
2Z/Z = µ2(Fp), and where
(
p
)
4
is the quarti residue map
(
p
)
4
: F∗p → µ4(Fp), x 7→
(
x
p
)
4
= x(p−1)/4.
The BrauerManin pairing thus evaluates as
〈α, (sp)〉 = #{p | N0 ; vp(N0) odd, and
(
2
p
)
4
= −1} · 1
2
∈ Q/Z.
Let p be a prime dividing N0, hene of the form p = a
2 + 16b2 with a odd. Let ζp be a p
th
root
of unity. The subeld k of Q(ζp) of degree 4 over Q is uniquely determined by being yli of
degree 4 over Q with ramiation only above p. Using [JLY02℄ Thm 2.2.5, we an determine
k = Q(λ) with λ2 =
√
p(4b +
√
p). The deomposition behaviour above (2) is given on the one
hand by the Frobenius element (
2
p
)
4
∈ µ4(Fp) = Gal(k/Q),
and on the other hand expliitly as follows. The prime (2) is ompletely split in k if and only if√
p(4b +
√
p) is a square in Q2, or equivalently
√
p(4b+
√
p) ≡ 1 mod 8
with respet to a hoie of
√
p ∈ Q2. As p ≡ 1 mod 8, the latter is equivalent to b being even.
We resort to arithmeti of Z[i] to prove that any way of writing N0 as (A
2)2+16(B2)2 omes
from writing its prime fators, whih are all ongruent to 1 modulo 8, in the form p = a2+16b2
for suitable a, b ∈ Z, and then making indutively use of the identity
(5.5) (a2 + 16b2) · (c2 + 16d2) = (ac− 16bd)2 + 16(ad+ bc)2.
In our appliation of (5.5) the integers a, c are always odd. Thus the parity of the seond
omponent ad+ bc ≡ b+ d mod 2 is additive. We onlude that modulo 2
#{p | N0 ; vp(N0) odd, and
(
2
p
)
4
= −1} ≡
∑
p|N0 ;
“
2
p
”
4
=−1
vp(N0) ≡ B2 ≡ 1,
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and thus 〈α, (sp)〉 6= 0. Hene π1(Ut/Q) does not admit setions due to the BrauerManin
obstrution oming from α. 
6. Beyond setions of the abelianized fundamental group
The known obstrutions against setions use for example period and index in the p-adi loal
ase or the BrauerManin obstrution in Setion 3 and Setion 5. The BrauerManin obstrution
extends to 0-yles. As an obstrution against 0-yles of degree 1 it only depends on abelian
information that takes plae on the generalized semiabelian Albanese torsor U → SAlb1U/k of
the urve U/k. On urves of genus ≥ 2, however, the BrauerManin obstrution depends on
information beyond the abelian level, as there are examples of urves of index 1 with adeli
points but no global point, see [Sk01℄ p.128 on an example of [LMB84℄.
Nevertheless, as the ReihardtLind urve has genus 1, the natural question arises, whether
the above method atually prove that the geometrially abelianized fundamental group exten-
sion πab1 (U/k) = π1(SAlb
1
U/k /k) denies having setions under the irumstanes that prove the
nonexistene of setions for the full extension π1(U/k). We will disuss this issue rst for the
above proof in the ase of the ReihardtLind urve and then give an example for the loal
p-adi obstrution on a urve of genus 2.
6.1. Abelian is enough for the ReihardtLind urve. We keep the notation from the
preeding Setion 5. Let π
(ab,2)
1 (U/Q) be the maximal geometrially abelian pro-2 quotient of
π1(U/Q).
Lemma 29. (1) Ination indues an isomorphism H1(π
(ab,2)
1 (U), µ2)→ H1(π(2)1 (U), µ2).
(2) The lass αU = χY ∪ χ17 lifts uniquely to a lass αabU = χY ∪ χ17, where χY and χ17 are
the orresponding lasses under the isomorphism from (1).
Proof: The HohshildSerre spetral sequene
ab E for π
(ab,2)
1 (U)→ GalQ maps via ination
to the orresponding spetral sequene E for π
(2)
1 (U) → GalQ. The map ab Ep,q2 → Ep,q2 is an
isomorphism for q = 0, 1 whih implies (1) and thus (2). 
For the argument of the proof of Theorem 27 to work with loal lifts to the abelianized
fundamental group extension π
(ab,2)
1 (U ×Q Qv/Qv) for v = 2, 17 we would need that the lift α
of αU maps to α
ab
U under
H2(π
(2)
1 (X), µ2)→ H2(π(ab,2)1 (U), µ2)→ H2(π(2)1 (U), µ2).
Let F•H∗ denote the ltration on the ohomology groups oming from the HohshildSerre
spetral sequenes with respet to the projetion to GalQ. The proof of Lemma 29 shows that
F1H2(π
(ab,2)
1 (U), µ2)→ F1H2(π(2)1 (U), µ2) is an isomorphism. The lasses αU and αabU die under
the projetion to gr0FH
2
due to the onstant fator χ17 and thus lie in the respetive F
1H2.
Lemma 30. The natural map gr0FH
2(π
(2)
1 (X), µ2)→ gr0FH2(π(ab,2)1 (U), µ2) is injetive.
Proof: The map injets into the map H2(π21(X×QQalg), µ2)→ H2(πab,21 (U×QQalg), µ2) whih
is split injetive beause the surjetion
πab,21 (U ×Q Qalg)։ π21(X ×Q Qalg)
admits a setion. 
As a onsequene of Lemma 30 we dedue that a lift α that is suitable for a version with only
abelian loal lifts s˜v at v = 2, 17 has to lie in F
1H2(π
(2)
1 (X), µ2).
Proposition 31. The lass αabU ∈ H2(π(ab,2)1 (U), µ2) admits a lift α to H2(π(2)1 (X), µ2).
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Proof: Let X (resp. U) denote the base hange to the algebrai losure of X (resp. U). As
F2H2(π
(2)
1 (X), µ2) equals F
2H2(π
(ab,2)
1 (U), µ2) we have to study the map
gr1FH
2(π
(2)
1 (X), µ2)→ gr1FH2(π(ab,2)1 (U), µ2)
whih agrees with
H1
(
Q,H1(X,µ2)
)→ H1 (Q,H1(U, µ2))
by the following lemma.
Lemma 32. The maps E3,02 → E3∞ for the HohshildSerre spetral sequene for the maps
π
(2)
1 (X)→ GalQ (resp. of π(ab,2)1 (U/Q)→ GalQ) are injetive.
Proof: By Tate's theorem we have E3,02 = H
3(Q, µ2) = H
3(R, µ2), so that we an ompute
the injetivity of the map E3,02 → E3∞ by rst base hanging to R. There our urve has a point,
whih yields a retration of the edge map showing it to be injetive. 
We ontinue with the proof of Proposition 31. Reall that D = X − U is the boundary
divisor, and that anonially µ⊗22 = µ2. The image of α
ab
U in H
1
(
Q,H1(U, µ2)
)
is the image of
χ17 under H
1(Q, µ2 ⊗−) applied to the map Z/2Z→ H1(U, µ2) given by 1 7→ χY . For deiding
the existene of a preimage we use the exat sequene
0→ H1(X,µ⊗22 )→ H1(U, µ⊗22 ) res−−→ µ2[D(Qalg)]
P≡0 → 0
that maps res(χY ) to the sum of the onjugates of P − 2Q, hene modulo 2 just the onjugates
of P . In the resulting ohomology sequene
H1(Q,H1(X,µ⊗22 ))→ H1(Q,H1(U, µ⊗22 )) res−−→ H1(Q, µ2[D(Qalg)]
P≡0)
the image of αabU in the right group is the image of χ17 under the map
H1(Q, µ2)→ H1(Q, µ2[D(Qalg)]
P≡0)
indued by 1 7→ res(χY ). The short exat sequene
0→ µ2[D(Qalg)]
P≡0 → µ2[D(Qalg)]
P
−→ µ2 → 0
yields a ohomology sequene
0→ µ2 δ−→ H1(Q, µ2[D(Qalg)]
P≡0)→ Q( 4
√
17)∗/
(
Q(
4
√
17)∗
)2 ×Q(√2)∗/(Q(√2)∗)2.
The image of 17 = χ17 ∈ Q∗/(Q∗)2 = H1(Q, µ2) in the right group by the map indued from
1 7→ res(χY ) vanishes, so that the image of αabU lies in the image of δ. Restriting to Q(
√
17)
deomposes D into three divisors of degree 2, hene the map δ remains injetive, although χ17
dies, the onlusion of whih is, that the image of χ17 and thus α
ab
U in H
1(Q, µ2[D(Q
alg)]
P≡0)
must vanish. 
Corollary 33. The abelianized fundamental group extension πab1 (U/Q) for the ane Reihardt
Lind urve U/Q does not split.
More preisely, the geometrially pro-2 extension π
(2)
1 (X/Q) of the projetive ReihardtLind
urve X/Q does not admit a setion s that allows a lifting s˜p
GalQp
s˜p
xx s⊗Qp
π
(ab,2)
1 (U)
// // π
(2)
1 (X)
loally at p = 2 and p = 17.
BrauerManin for setions 23
In view of a reent result of Esnault and Wittenberg [EW09℄, that an abelian birational setion
implies a divisor of degree 1, our Corollary 33 is merely an expliit form showing `how birational'
the setion must be assumed to be. Indeed, the projetive ReihardtLind urve is a nontrivial
torsor under its jaobian and thus has index dierent from 1. Therefore X/Q does not allow a
birational abelian setion by [EW09℄ Theorem 2.1. Note that the latter is onditional on the
niteness of X
1(Q,Pic0X) whih is known for the ReihardtLind urve.
We lose the disussion of the ReihardtLind urve with the following natural question.
Question 34. Does the extension π1(X/Q) for the projetive ReihardtLind urve X split?
6.2. An example in genus 2. The idea is to exploit the annoying fator 2 from Lihtenbaum's
ongruenes for period and index of a smooth projetive urve over a p-adi eld whih shows
up in the main result of [Sx08a℄ Theorem 16.
Theorem 35. Let k be a nite extension of Qp, and let X/k be a smooth projetive urve of
genus at least 1.
(1) If πab1 (X/k) splits, then period(X) is a power of p.
(2) As a partial onverse: if period(X) equals 1, then πab1 (X/k) splits.
(2) If we have a setion for the natural map to Galk of the maximal quotient of π1(X) whih
geometrially is the produt of an abelian group of order prime to 2 with a 2-group, whih
is an abelian extension of the H1(X×kkalg,Z/2Z)-quotient, then the index is also a power
of p.
Proof: This follows from a more areful study of [Sx08a℄ Setion 5. 
In order to get a urve X/k suh that πab1 (X/k) splits despite the fat that π1(X/k) does
not allow setions, we are led to look for urves of genus 2, period 1 and index 2. These are
guaranteed by results of Clark [Cl07℄ and Sharif [Sh07℄.
Here is an alternative onstrution for p 6= 3. Let P be the BrauerSeveri variety for the
Azumaya algebra of invariant 1/2 over k. The urve P has genus 0 and thus has a point y of
degree 2. There is a non-onstant rational funtion f on P with divisor z − y, where z is then
neessarily also a point of degree 2. The branhed over h : X → P dened by a ubi root of
f is totally branhed above y, z, and unramied elsewhere. The urve X is of genus 2 by the
RiemannHurwitz formula, its index is dierent from 1 but divides 2g− 2, hene index(X) = 2,
and the period divides g− 1, hene equals 1. The urve X/k therefore gives an expliit example
for a urve suh that πab1 (X/k) splits although π1(X/k) does not.
Question 36. Find an expliit example for a smooth projetive urve X over a number eld k
whih is a ounter example to the Hasse priniple and suh that πab1 (X/k) splits despite the
fat that π1(X/k) does not allow setions. The existene of adeli points rules out that π1(X/k)
does not split for loal reasons and thus may be weakened to the requirement that there are
loal setions everywhere for still an interesting example.
7. Example: the Selmer urve
7.1. Geometry and arithmeti of the Selmer urve. Another famous example of a urve
violating the Hasse priniple was found by Selmer in [Se51℄ as the plane ubi urve S/Q of
genus 1 whih in homogeneous oordinates is given by
3X3 + 4Y 3 + 5Z3 = 0.
The Jaobian E = Pic0S of S is an ellipti urve with omplex multipliation by Z[ζ3] given by
the homogeneous equation
A3 +B3 + 60C3 = 0,
and [1 : −1 : 0] as its origin. The urve S, as a prinipal homogeneous spae under E, desribes
a nontrivial 3-torsion element of X1(Q, E), see [Ma93℄ I 4+9.
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Cassels gives in [Ca91℄ a proof of the absene of global points on S via étale overs as follows.
There is a nite étale over h : S → E of degree 9, whih is a torsor under the nite étale group
sheme E[3]. Standard methods in the arithmeti of ellipti urves allow Cassels to show that
E(Q) = 0, see [Ca91℄ 18 Lem 2, so that S(Q) is ontained in h−1(0) = S ∩ {XY Z = 0}, whih
does not ontain rational points by diret inspetion. A sketh of Selmer's original proof based
on a 3-desent an be found in [Ca66℄ p. 206.
As X
1(Q, E) is nite, see [Ma93℄ Thm 1 and 9, there must be a loally onstant Brauer
Manin obstrution on S whih explains the absene of rational points. We proeed with on-
struting the appropriate global Brauer lass in the next setions. The onstrution relies on
omputations with a omputer algebra pakage (SAGE). As the results on the Selmer urve only
illustrate the diulties with the BrauerManin obstrution in the setion onjeture, we an
aord avoiding the details of these omputations.
7.2. A degree 3 over. For the rest of Setion 7 we set k = Q(ζ3) for a xed ubi root of
unity ζ3, and K = k(ε) with ε =
3
√
6. We denote by σ the generator of Gal(K/k) whih maps ε
to ζ3ε. The element
γ = ζ3ε
2 + (2ζ3 + 1)ε+ 2ζ3 ∈ K
is onstruted as an element satisfying NK/k(γ) = −10 using SAGE, and turns out to be a
produt of the prime above 2 by a prime above 5. We nd
NK/k
(
2Y + εX
γZ
)
= 1,
and the Ansatz of the Lagrange resolvent yields
U =
(2Y + εX)(2Y + ζ3εX) + γZ(2Y + ζ3εX) + γ · σ(γ)Z2
(2Y + εX)(2Y + ζ3εX)
∈ K(S)∗,
suh that
σ(U)/U =
2Y + εX
γZ
We dene F ∈ k(S)∗ as
(7.1) F = NK/k(U) =
σ2(γ)
γ
· U3 · 2Y + εX
2Y + ζ2εX
,
so that its divisor equals
div(F ) = 3div(U) + 3 · ([−2 : ε : 0]− [2, ζ23ε : 0]) = 3D.
The divisor D is k-rational, of degree 0 and desribes a nontrivial 3-torsion lass in E(k).
Lemma 37. The 3-torsion E[3] of E sits in a short exat sequene of GalQ-modules
(7.2) 0→ µ3 → E[3]→ Z/3Z→ 0,
whih as an extension is given by the Kummer harater χ60 ∈ H1(Q, µ3). In partiular, for any
eld extension k′/Q, for whih 60 is not a ube in k′, the restrition of (7.2) to Galk′-modules
does not split and E[3](k′) = µ3(k′).
Proof: The group E[3] is given by the solutions of ABC = 0, and the point [−1, ζ3, 0] generates
a subgroup µ3 ⊂ E[3]. The quotient E[3]/µ3 has to be onstant by detE[3] ∼= µ3 and the rest
follows from omputing the Galois ation on the preimage of a generator of Z/3Z. 
We dedue from Lemma 37, that D generates µ3 ⊂ E[3]. The assoiated 3 isogeny
f : E′ → E
has Galois group Z/3Z , the Cartier dual of the group generated by D. The over
h : W → Sk = S ×Q k
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whih is onstruted as the integral losure in the extension dened by
3
√
F yields a twisted
version of f : E′ → E. The assoiated surjetive group homomorphism
mF : π1(Sk)→ Z/3Z ∈ H1(π1(Sk),Z/3Z)
omputes as ζ
mF (g)
3 = χF (g) for g ∈ π1(Sk) and where χF is the ubi Kummer harater
assoiated to F . The restrition to the pro-3 omponent of the geometri fundamental group
we denote by
ϕ = mF |π1(S¯) : T3E = π31(E) = π31(S)→ Z/3Z.
The map ϕ is up to isomorphism the unique GalQ-map T3E → Z/3Z aording to Lemma 37.
Lemma 38. The Z/3Z over h :W → Sk has good redution outside primes dividing 2 · 3 · 5.
Proof: As K/k is unramied above the primes in question, we may replae h by the base
hange W ×kK → S×QK. Here, the over is the normalisation in the extension of the funtion
eld given by
3
√
F whih by (7.1) amounts to the same as by 3
√
σ2(γ)
γ · 2Y+εX2Y+ζ2εX . We have to
hek for prime divisors with multipliity in div(
σ2(γ)
γ · 2Y+εX2Y+ζ2εX ) not divisible by 3, hene only
div(σ2(γ)/γ), whih lives only in the bres above 2 and 5 by onstrution. 
7.3. The global Brauer lass. The global Brauer lass, that will our in the BrauerManin
obstrution against rational points on the Selmer urve S will be the image of the up produt
(a, cork/Q(mF )) ∈ H2(π1(S), µ3) for some suitable a ∈ Z[1/30]∗, more preisely the ination of
its assoiated Kummer harater in H1(Q, µ3). For an adeli setion (sp) ∈ Sπ1(S/Q)(AQ) we
have the adjuntion formula
(7.3) 〈(a, cork/Q(mF )), (sp)〉 =
∑
p
invp
(
s∗p(a, cork/Q(mF ))
)
=
∑
p
invp
(
(a, s∗p cork/Q(mF ))
)
=
∑
p
invp
(
(a, cork/Q(mF ◦ sp|Galkv ))
)
=
∑
p
invp
(
cork/Q(a,mF ◦ sv)
)
=
∑
v
invv
(
(a,mF ◦ sv)
)
= 〈(a,mF ), (sv)〉
with sv = sp|Galkv for a plae v|p of k with ompletion kv. Consequently, instead of obstruting
Q-rational points, or setions, via (a, cork/Q(mF )), we an and will disuss the obstrution
against k-rational points or setions of π1(Sk/k) via the lass (a,mF ) for a ∈ Q∗. Beause S as
a ubi has Q-rational divisors of degree 3, the lass of the extension π1(S/Q) has order dividing
3 and splits if and only if π1(Sk/k) splits.
Multiplying with our xed ζ3 we an transform the loal invariants invv
(
(a,mF ◦ sv)
)
into
the loal ubi Hilbert pairing (a, F (sv)) with values in µ3. Here F (sv) is the abuse of notation
for the lass s∗vχF = χF ◦ sv ∈ H1(kv, µ3). The loal ontribution for a setion sxv assoiated to
a point xv ∈ S(kv) where F is invertible, omputes then as (a, s∗xv (F )) = (a, F (xv)).
The alert reader will already have notied that the BrauerManin obstrution that we will
exploit for the Selmer urve amounts to the desent obstrution imposed by h : W → Sk. For
more details on the desent obstrution and the setion onjeture we refer to [Sx10℄.
7.4. Variane of the evaluation at points versus at setions. The omputation of (7.3)
shows moreover that the value of the loal omponents of the BrauerManin obstrution depend
only on mF ◦ sv ∈ H1(kv,Z/3Z), whih subsequently is paired with the lass of a via the loal
Tate-duality pairing
(7.4) H1(kv ,Z/3Z)×H1(kv , µ3)→ Q/Z.
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Let us identify E(kv)⊗ Z3 via the Kummer sequene of E with its image in H1(kv,T3E). The
range of mF ◦sv, where sv ranges over all setions assoiated to kv-points of S (resp. all setions)
is given as an ane subspae
(7.5) mF ◦ s0 + ϕ
(
E(kv)⊗ Z3
) ⊆ (resp. mF ◦ s0 + ϕ(H1(kv ,T3E))) ⊆ H1(kv,Z/3Z),
where s0 is the setion for some point in S(Qp) for v|p. As Gal(k/Q) is of order prime to 3, the
orresponding situation over Qp is just given by the
+
-eigenspaes for the Galois ation:
(7.6) mF ◦ s0 + ϕ
(
E(Qp)⊗ Z3
) ⊆ (resp. mF ◦ s0 + ϕ(H1(Qp,T3E))) ⊆ H1(Qp,Z/3Z).
For the latter it was essential to hoose the setion of referene s0 assoiated to a Qp-point of S.
7.4.1. Expliit omputation of the variane. The isogeny f : E′ → E yields a short exat se-
quene of GalQ-modules
(7.7) 0→ T3E′ π1(f)−−−→ T3E ϕ−→ Z/3Z→ 0.
Before we exploit this ohomologially we need several observations. After base hange to k
the isogeny of degree 3 over Ek is still unique up to isomorphism by Lemma 37. But omplex
multipliation by Z[ζ3] is now dened, so that f beomes isomorphi to the multiplition map
[ζ3 − 1] : Ek → Ek, whih is of degree deg[ζ3 − 1] = Nk/Q(ζ3 − 1) = 3. A desription over Q is
as follows.
Lemma 39. (1) The ellipti urve E′ is the quadrati twist of E by the ylotomi harater
GalQ → Gal(k/Q) = {±1}.
(2) In expliit equations we have E′ = {v2 = u3 +900} and E = {b2 = a3− 24300} with the
isogeny f : E′ → E being isomorphi to the map
(7.8) (u, v) 7→ (a, b) = (u
3 + 3600
u2
, v · u
3 − 7200
u3
).
(3) The map f is surjetive on Q3-points.
Proof: (1) follows visibly from (2). The isomorphism of E as a ubi {A3 +B3 + 60C3 = 0}
to the Weierstraÿ-form given in the proposition omes by the map
[A : B : C] 7→ (a, b) = (−180 · C
A+B
, 270 · A−B
A+B
).
The map dened by (7.8) is a degree 3 isogeny, whih we know is unique up to isomorphism.
In order to prove the surjetivity of f on Q3 points we may argue for all but nitely many
points (a, b) ∈ E(Q3). We have to solve the equations
a =
u3 + 3600
u2
and b = v · u
3 − 7200
u3
in u, v ∈ Q3 whih automatially (up to maybe the nitely many exeptions when u3 = 7200)
yields a point (u, v) ∈ E′(Q3). The equation for v is linear, so we need to worry only about
the equation for u. Substituting T = u/a (exept for the ase a = 0) we need to guarantee a
solution in Q3 of the equation
(7.9) T 3 − T 2 + 3600/a3 = 0,
as long as a is part of a point (a, b) ∈ E(Q3). As v3(b2) is even and v3(24300) = 5, the triangle
equality holds with a minimum v3(a
3) = min{v3(b2), 5}. But v3(a3) is divisible by 3, thus
v3(a
3) = v(b2) < 5, and so the value is divisible by 6 and negative. Now equation (7.9) has
oeients in Z3 and redues to T
3 − T 2 modulo 3. The separable solution T = 1 lifts to a
solution of (7.9) by Hensel's Lemma, whih proves the lemma. 
Lemma 40. Let M 6= (0) be a Z3[ζ3]-module of nite length, whih is yli as an abelian group.
Then M is isomorphi to Z/3Z.
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Proof: We have M ∼= Z3[ζ3]/(ζ3 − 1)n for some n. If n ≥ 2, then we have a quotient
M ։ Z3[ζ3]/(ζ3 − 1)2 = Z/3Z ⊕ Z/3Z · ζ3 whih fails to be yli as an abelian group. Hene
n = 1, whih proves the lemma. 
Proposition 41. Let v be a plae of k suh that 60 is not a ube in kv.
(1) The map H2(kv ,T3E)→ H2(kv ,Z/3Z) indued by ϕ is an isomorphism of GalQ-modules
isomorphi to µ3.
(2) H2(kv ,T3E
′) ∼= Z/3Z with trivial ation of Gal(k/Q).
(3) The sequene of Gal(k/Q)-modules
H1(kv,T3E)
ϕ−→ H1(kv,Z/3Z) (−,60)−−−−→ Z/3Z→ 0
is exat, where (−, 60) is the pairing with the Kummer harater assoiated to 60.
(4) ϕ(H1(kv ,T3E)) ⊂ H1(kv ,Z/3Z) is equal to the annihilator of 〈60〉 ⊂ H1(kv , µ3) under
the loal Tate-duality pairing.
(5) If v ∤ 3, then E(kv)⊗ Z3 = H1(kv,T3E).
Proof: (1) By loal Tate-duality the dual map equals µ3(kv)→ E[3∞](kv), whih is injetive.
By Lemma 37 and Lemma 40 the kv-rational 3-primary torsion E[3
∞](kv) is yli of order 3.
(2) This follows from (1) as E′ is the quadrati twist of E by Lemma 39.
For (3) we use the ohomology sequene for (7.7) and (1) and (2), and it only remains to
ompute the boundary map H1(kv ,Z/3Z)→ H2(kv,T3E′). The short exat sequene (7.7) maps
anonially to (7.2) induing isomorphisms on the relevant terms of the ohomology sequene
by (2), so that the boundary map equals
−∪ 60 : H1(kv,Z/3Z)→ H2(kv , µ3),
whih is nothing but the pairing map with the Kummer lass assoiated to 60, the lass of the
extension (7.2) following Lemma 37. (4) is merely a reformualtion of (3).
(5) The 'multipliation by 3n'-sequenes and ontinuous ohomology à la Jannsen yield the
short exat sequene
0→ E(kv)⊗ Z3 → H1(kv ,T3E)→ T3(H1(kv, E))→ 0.
By loal Tate-duality H1(kv , E) equals Hom(E(kv),Q/Z), whih has nite 3-primary torsion
part and thus T3(H
1(kv, E)) = Hom(Q3/Z3,H
1(kv , E)) vanishes. 
Proposition 42. Let v = (ζ3 − 1) be the plae of k dividing 3.
(1) ϕ(E(kv) ⊗ Z3) ⊂ H1(kv ,Z/3Z) is equal to the annihilator of 〈2, 3〉 ⊂ H1(kv , µ3) under
the loal Tate-duality pairing.
(2) ϕ(E(Q3)⊗ Z3) = 0 in H1(Q3,Z/3Z).
Proof: The snake lemma applied to
(7.10) 0 // E′(kv)⊗ Z3
f

// H1(kv,T3E
′)
f

// T3(H
1(kv , E
′))
f

// 0
0 // E(kv)⊗ Z3 // H1(kv ,T3E) // T3(H1(kv , E)) // 0
yields
(E(kv)⊗ Z3)/f(E′(kv)⊗ Z3) = ϕ(E(kv)⊗ Z3).
As Z3[ζ3]-module we have E(kv) ⊗ Z3 = Z3[ζ3] ⊕ F3 and f orresponds to multipliation by
ζ3 − 1, at least after identifying E′k = Ek orretly, and hene dimF3 ϕ(E(kv)⊗ Z3) = 2.
The subgroup 〈2, 3〉 is the +-part of H1(kv , µ3) under the ation of Gal(k/Q), so that its
annihilator under the Tate-duality pairing equals the
−
-part of H1(kv,Z/3Z) and has dimension
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2 over F3. For (1) it therefore sues to show that ϕ(E(kv)⊗Z3) has trivial +-eigenspae, whih
is exatly statement (2).
The analog of (7.10) with kv replaed by Q3 yields
(E(Q3)⊗ Z3)/f(E′(Q3)⊗ Z3) = ϕ(E(Q3)⊗ Z3),
whih vanishes by Proposition 39 (3). 
7.5. The loally onstant Brauer lass for the Selmer urve.
Theorem 43. The lass α = (2,mF ) ∈ H2(π1Sk, µ3) maps to a loally onstant Brauer lass
A in B(Sk), and the lass cork/Q(α) = (a, cork/Q(mF )) ∈ H2(π1S, µ3) maps to a lass in B(S)
that generates B(S)/Br(Q).
Proof: Let Av be the pull bak of A to Br(S×Qkv). By Lihtenbaum duality and beause S is
of genus 1, the lass Av is loally onstant if and only if its evaluation at kv points is independent
of the hosen point in S(kv).
The lass α is unramied at plaes v ∤ 2 · 3 · 5 by Lemma 38, so that Av(xv) for xv ∈ S(kv)
vanishes. At v | 5 we nd that 2 is a ube and thus αv = 0.
At v | 2 we may apply Proposition 41. Beause 15 is a ube in Q2, the annihilator of 2 and of
60 under the loal Tate-duality pairing agree, and so A(x2) is independent of x2 ∈ S(kv). Let
w be a plae above v in K. In fat, the exat value is 0, beause F (x2) is a norm from Kw/kv
and 10 is a norm from K/k, whih by loal lass eld theory implies that
〈10〉 · (k∗v)3 = NKw/kvK∗w ⊂ k∗v .
But the ubi Hilbert symbol (2, 10) for kv vanishes, hene also A(x2). It remains to deal with
the plae v above 3. Here Proposition 42(1) tells us, that the evaluation of A is independent of
the point.
With the lass α also cork/Q(α) is loally onstant. By [Ma93℄ Thm 1 and 9, we know that
X
1(Q, E) ∼= Z/3Z × Z/3Z, hene B(S)/Br(Q) is yli of order 3, see Setion 4.2.1. In order
to prove the last statement of the theorem it thus sues to show, that α does not ome from
Br(k). Let δ = 3
√
10 be a ube root of 10 in Q3. The value of F at [0 : δ : −2] an be eortlessly
evaluated with SAGE as
F ([0 : δ : −2]) = NK/k
(
δ2 − γδ + γ · σ(γ)
δ2
)
= −9
5
ζ3δ
2 + (
9
5
ζ3 +
36
5
)δ − 81
5
ζ3 + 9
whih up to ubes in Q3(ζ3) equals (ζ3 − 1)(1 + (ζ3 − 1)2), and pairs nontrivially with 2 under
the loal ubi Hilbert pairing of Q3(ζ3), whih an be evaluated (using SAGE) via the expliit
formula for the Hilbert pairing from [FV02℄ VII 4. 
Our disussion of the arithmeti of the Selmer urve so far allows to imediately disprove any
hope that setions of π1(S/Q) might be BrauerManin obstruted in the same way as rational
points are.
Theorem 44. There is an adeli setion (sp) ∈ Sπ1(S/Q)(AQ) whih survives the BrauerManin
obstrution from lasses of H2
B
(π1(S), µ3), in partiular from the lass cork/Q(α) of Theorem 43.
Proof: We have a short exat sequene
0→ Pic(S)⊗ F3 → H2B(π1(S), µ3)/H2(Q, µ3)→ B(S)/Br(Q)→ 0,
in whih Pic(S)⊗F3 and B(S)/Br(Q) are both yli of order 3. The BrauerManin obstrution
is linear in the lass from H2
B
(π1(S), µ3) and vanishes on the image of H
2(Q, µ3) by ination.
Hene it sues to onsider the BrauerManin obstrution imposed by the lass cork/Q(α) from
Theorem 43, and that imposed by a generator of Pic(S)⊗ F3.
By the proof of Theorem 43 and by Proposition 41 we nd that the loal omponents of
〈cork/Q(α), (sp)〉 vanish exept for possibly the omponent above 3.
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At 3 Proposition 41(4) shows, that the variation of mF ◦ s3 with s3 the 3-adi omponent of
an adeli setion is the annihilator of 60, whih is a larger spae than the variation of mF ◦ sx3
for x3 ∈ S(Q3) after Proposition 42. In partiular, beause
mF ◦ s[0:δ:−2] ∈ 〈60〉⊥ = ϕ(H1(Q3,T3E))⊕ 〈2, 3〉⊥,
there is a 3-adi setion s3, whih neessary does not belong to a point in S(Q3), suh that
mF ◦s3 lies in the annihilator of 〈2, 3〉. Hene, if we hoose this setion as the 3-adi omponent,
then the BrauerManin pairing with cork/Q(α) vanishes.
Now we look at a generator of Pic(S)⊗F3, whih we hoose as the divisor of the homogeneous
oordinate X, so for δ = 3
√
10 we look at
D = [0 : δ : −2] + [0 : ζ3δ : −2] + [0 : ζ23δ : −2].
As 10 beomes a ube in Q3, we may assume δ ∈ Q3 and ompute in Pic(S ⊗Q Q3)⊗ F3
D ≡ D − 3 · [0 : δ : −2] = [0 : ζ3δ : −2] + [0 : ζ23δ : −2]− 2 · [0 : δ : −2] = div(
X
2Y + δZ
).
Therefore the assoiated BrauerManin obstrution against adeli setions has no ontribution
at 3. The summands at p 6= 3 vanish as well, beause by Proposition 41(5) we may assume that
the p-adi setion belongs to a p-adi point, and for those vanishing is obvious by funtoriality
and Pic(Q) = 0. 
The disussion of the Selmer urve in light of the setion onjeture would not be omplete
without posing the following question, whih the author so far is unable to deide.
Question 45. Does π1(S/Q) split?
Of ourse, the extension π1(S/Q) is the bre produt over GalQ of the geometrially pro-3
extension π31(S/Q) with the geometrially prime-to-3 extension π
3′
1 (S/Q). The latter splits due
to a orestrition/restrition argument and by means of a point of S in a eld extension of Q of
degree 3. Consequently, the splitting of π1(S/Q) is equivalent to the splitting of π
3
1(S/Q).
Appendix A. Letter from Deligne to Thakur
We reprodue the following letter by P. Deligne to D. Thakur with Deligne's gratefully aknowl-
edged authorization.
Marh 7, 2005
Dear Thakur,
I thought I had a proof, but it is wrong. It ontained one observation whih I still like, whih
follows.
Let X be smooth over a ring of S-integers O of a number eld F . Suppose XF /F absolutely
irreduible. If we hoose an algebrai losure F¯ of F , and a geometri point x¯ of XF¯ , we get an
exat sequene of pronite groups
(A.1) 1→ π1(X¯)→ π1(X)→ π1(F )→ 1
with π1(X¯) := π1(XF¯ , x¯), π1(X) := π1(X, x¯) and π1(F ) = π1(Spec(F ),Spec(F¯ )). A point
s ∈ X(F ) given with a path, on XF¯ from s(Spec(F¯ )) to x¯, denes a splitting of (A.1), and s
alone denes a π1(X¯)-onjugay lass of splittings.
Observation: Let S be the union of the onjugay lasses of splitting of (A.1) dened by points
s ∈ X(O). The set S is equiontinuous.
In other words, for any open subgroup K of π1(X), there exists an open subgroup L of π1(F )
suh that all s ∈ S dene the same omposite map L→ π1(F )→ π1(X)→ π1(X)/K.
It follows from this observation that the losure S¯ of S (in the spae of ontinuous maps from
π1(F ) to π1(X) is ompat, and also that the quotient of S¯ by π1(X¯)-onjugation is ompat. If
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X/O is proper, we have X(F ) = X(O), and if all π1(X¯)-onjugay lasses of setions orrespond
one to one to points, this will give X(F ) a ompat (pro-nite) topology. I believe now that my
onvition of long ago that this would give a ontradition if X was a urve of genus ≥ 2 and if
X(F ) were (denumerably) innite was wishful thinking.
Here is the proof of the observation.
Shrink Spec(O) suh that X/O an be ompatied with a relative divisor with normal
rossing at innity.
The group π1(X¯) being nitely generated (as a pronite group), it has only a nite number
of (open) subgroups of index ≤ n. Let K be their intersetion. It is an open harateristi
subgroup, and π1(X¯)
(n) := π1(X¯)/K has an order all of whose prime divisors are ≤ n. The
group π1(X¯) is the projetive limit of the π1(X¯)
(n)
. Dividing by K, we dedue from (A.1) an
exat sequene
(A.2) 1→ π1(X¯)(n) → π1(X)(n) → π1(F )→ 1
A splitting of (A.1) indues a splitting of (A.2), and we will show that the splittings in S indue
morphisms π1(F )→ π1(X)(n) whih are all equal on a suitable subgroup of nite index of π1(F ).
Dene O(n) = O[1/n!] and π1(O(n)) = π1(Spec(O(n)),Spec(F¯ )). The sequene (A.2) is the
pull bak by π1(F )→ π1(O(n)) of a sequene
(A.3) 1→ π1(X¯)(n) → π1(XO(n))(n) → π1(O(n))→ 1
where π1(O(n)) is the quotient of π1(XO(n) , x¯) by the image of K. A point s ∈ X(O) (or just
X(O(n)) denes a π1(X¯)(n)-onjugay lass of splittings of (A.3), and the splitting of (A.2)
dedued from the splitting of (A.1) in S are pull bak by π1(F )→ π1(O(n)). It remains to prove
the
Lemma. The set of splittings of the short exat sequene (A.3) is nite.
Proof: By Minkowski, π1(O(n)) has only a nite number of (open) subgroup of a given index.
Let a be the order of Aut(π1(X¯)
(n)) and z the order of the enter of π1(X¯)
(n)
. Let H be the
intersetion of the subgroups of π1(O(n)) of index dividing a2z. It is a subgroup of nite index,
and I laim that any two setions agree on H, a laim from whih the lemma follows. Indeed, a
setion s denes as : π1(O(n))→ Aut(π1(X¯)(n)). If s and t are setions, on ker(as) ∩ ker(at), s
and t are with value in the entralizer of π1(X¯
(n)), and dier by an homomorphism to the enter
of π1(X¯)
(n)
. The setion s and t hene agree on a subgroup of index dividing a2z, and a fortiori
on H.
All the best,
P. Deligne
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